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Abstract. We consider the optimization problem of minimizing f^^ |V«|''da; with a constrain 
on the volume of {u > 0}. We consider a penalization problem, and we prove that for small 
values of the penalization parameter, the constrained volume is attained. In this way we prove 
that every solution u is locally Lipschitz continuous and that the free boundary, d{u > 0} CiQ, 
is smooth. 



1. Introduction 

In the seminal paper [2], Aguilera, Alt and Caffarelli study an optimal design problem with 
a volume constrain by introducing a penalization term in the energy functional (the Dirichlet 
integral) and minimizing without the volume constrain. For fixed values of the penalization 
parameter, the penalized functional is very similar to the one considered in the paper [1]. So 
that, regularity results for minimizers of the penalized problem follow almost without change 
as in The main result in [2] that makes this method so useful is that the right volume is 
already attained for small values of the penalization parameter. In this way, all the regularity 
results apply to the solution of the optimal design problem. 

This method has been applied to other problems with similar success. In all those cases, the 
differential equation satisfied by the minimizers is nondegenerate, uniformly elliptic. See, for 
instance, Ell d . 

In this article we want to show that the same kind of results can be obtained for some nonlinear 
degenerate or singular elliptic equations. As an example, we study here the following problem 
which is a generalization of the one in |2] for 1 < p < oo: 

We take Q a smooth bounded domain in M.^ and fo ^ Vl^^'^(r2), a Dirichlet datum, with 
'/^o > Co > in A, where A is a nonempty relatively open subset of 50 such that A n dQ is C^. 
Let 

}Ca = {ue W^'P{n) I \{u > 0}| = a, u = on d^}. 
Our problem is to minimize J{u) = J^^ \\/u^ dx in /Cq,. 

Problems similar to the one considered here appear in shape optimization. For instance, in 
optimization of torsional rigidity insulation of pipelines for hot liquids [S], minimization of 
the current leakage from insulated wires and coaxial cables minimization of the capacity of 
condensers and resistors, etc. 
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Although the existence of a minimizer is not difficult to establish by variational techniques, 
the regularity properties of such minimizers and their free boundaries d{u > 0}, are not easy 
to obtain since it is hard to make enough volume preserving perturbations without the previous 
knowledge of the regularity of d{u > 0}. 

In order to solve our original problem in a way that allows us to perform non volume preserving 
perturbations we consider instead the following penalized problem: We let 

/C = {u e W^'P{n) /u = ipo on dn} 

and 



(1.1) Jeiu)= [ \Vu\Pdx + Fei\{u>0}\), 

Jn 



where 

^ ^ ^ _ I e{s — a) if s < a 
I i(s — a) if s > a. 

Then, the penalized problem is 
(Pe) Find G /C such that Je(ue) = inf Je(v). 



The existence of minimizers follows easily by direct minimization. Their regularity and the 
regularity of their free boundaries d{ue > 0} follow as in j^j where a very similar problem was 
studied, namely, to minimize 

(1.2) Jx{v)= [ \Vv\P dx + XP\{v > 0}\, 

where A > is a constant. In particular, is a solution of the following free boundary problem 

ApU = in {u > 0} n 0, 
du 

— = Ae on d\u > 0| n 17, 
ou 

where A^ is a positive constant and ApU = div(|Vu|P~^VM) is the p— laplacian. 

In [2j the authors study a problem closely related to |2]. The problem in [Jj is to minimize 
the best Sobolev trace constant from H^(Q.) into L'^{dQ) for subcritical q, among functions that 
vanish in a set of fixed measure. We will sometimes refer to some of the proofs in [Jj for the 
different treatment of the penalization term (which is piecewise linear in the measure of the 
positivity set) with respect to and [SI where the function is linear in the measure. 

As in [2] , the reason why this penalization method is so useful is that there is no need to pass 
to the limit in the penalization parameter e for which uniform, in e, regularity estimates would 
be needed. In fact, we show that for small values of e the right volume is already attained. This 
is, \{ue > 0}| = a for e small. It is at this point where the main changes have to be made since 
the perturbations used in [2] and [7] make strong use of the linearity of the underlying equation. 

In particular, the fact that, for small e, any minimizer of satisfies \{ue > 0}| = a implies 
that any minimizer of our original optimization problem is also a minimizer of so that it is 
locally Lipschitz continuous with smooth free boundary. 
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We include at the end of the paper a couple of appendices where some properties of p— sub- 
harmonic functions are established. We use these results in Section 2. We believe that these 
results have independent interest. 

The paper is organized as follows: In Section 2 we begin our analysis of problem for fixed 
e. First we prove the existence of a minimizer, local Lipschitz regularity and nondegeneracy 
near the free boundary (Theorem I2.1|l and with these results we have the regularity of the free 
boundary by adapting the results of [^1 . 

The main results of this paper appear in Section 3 where we prove that for small values of e 
we recover our original optimization problem. 

The appendices are included at the end of the paper. 



2. The penalized problem 



In this section we look for minimizers of the functional Je a-nd a representation theorem for 
solutions of as in Theorem 4.5. 

Observe that a solution to (P(.) satisfies that 

Apii = in {u > 0}°. 

In fact, let i? be a ball such that u > in i?. Let v be the solution to 

Apf = in V = u on dB. 

Let V G W^'^{Q), v{x) = v{x) for x £ B, v{x) = u{x) ii x ^ B. Then, -y E /C so that 

(2.3) 0< /" \Vv\''dx- [ \Vu\P dx + F,{\{v > 0}\) - Fe{\{u > 0}\) = [ \Vv\p - \Vu\p dx, 

Jn Jn Jb 

and (see Section 3), 

(2.4) / \Vv\P - \Vu\P dx < -c I \V{v-u)\Pdx if p > 2, 
Jb Jb 

(2.5) / \Wv\P - \Vu\P dx < -c [ \V{v -u)\'^{\\/v\ + \Vu\)'^~^ dx if 1< p < 2, 
Jb Jb 

where c is a positive constant that depends on p. In any case, combining (|2.3j) and (|2.4)1 ~ (|2.5)1 
we get |V(u — u) \ = in B . Thus, u = v in B. So that, ApU = in B. 



We begin by discussing the existence of extremals. 

Theorem 2.1. Let Q C be bounded and 1 < p < oo. Then there exists a solution to the 
problem dP^D. Moreover, any such solution has the following properties: 



(1) is locally Lipschitz continuous in il. 

(2) For every D ddVl, there exist constants C, c > such that for every x £ D r\ {Uf, > 0}, 

cdist{x,d{ue > 0}) < Us{x) < Cdist{x,d{us > 0}). 

(3) For every D dd Q., there exists a constant c > such that for x S d{u > 0} and 
Br{x) C D, 

^^ \Br{x)n{Ue>Q]\ ^ 
\Br{x)\ 
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The constants may depend on e. 



Proof. The proof of existence is standard. We state it here for the reader's convenience. 

Take uq with |{no > 0}| < a, then J'e(uo) < C (uniformly in e), also J'^ > —a. Therefore a 
minimizing sequence (un) C /C exists. Then Je{un) is bounded, so ||Vt(n||p < C. As Un = (po in 
dQ, there exists a subsequence (that we still call Un) and a function G W^'P{Q) such that 

n„ ^ Us weakly in W^'^{^1), 
Un — > Us a.e. 0. 

Thus, 

Us = (po on 

> 0}| < liminf |{n,„ > 0}| and 

/ I Vue 1^ < lim inf / \Vun\^ dx. 
Jn Jf^ 

Hence Us £ JC and 

J'e('Ue) < liminf ^(un) = inf Jeiv), 

n— >oo Dg/C 

therefore is a minimizer of in /C. 

The proof of (1), (2) and (3) follow as Theorem 3.3, Lemma 4.2 and Theorem 4.4 in [^. The 
only difference being that the functional they analyze is linear in \ {us > 0}| and ours is piecewise 
linear. The different treatment of this term is similar to the one in □ 

From now on we denote by u instead of a solution to ^Psl . 

Lemma 2.1. Let u G JC be a solution to jPsl - Then u satisfies for every tp S C^{0,) such that 
supp(99) C {u > 0}, 

(2.6) / \Vu\P-^VuVip = 0. 

Jn 

Moreover, the application 

X(ip) := - \\/u\P~^VuVipdx 
Jn 

from C^{Q) into M defines a nonnegative Radon measure with support on ^IH d{u > 0}. 

Proof. See Theorem 5.1 in p] □ 
Theorem 2.2 (Representation Theorem). Let u (z K, he a solution to \Ps\ . Then, 

(1) n^~^{D n d{u > 0}) < oo for every D CC ft. 

(2) There exists a Borel function such that 

Apu = q^n^-^[d{u > 0}. 

(3) For D CC Q there are constants < c < C < oo depending on N, Q, D and e such that 
for Br{x) C D and x € d{iL > 0}, 

c < qu{x) < C, cr^~^ < n^~\Br{x) H d{u > 0}) < Cr^~\ 
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(4) /or W^-i-a.e. xq G d,,d{u > 0}, 

u{xo + x) = qu{xo){x ■ i^{xo)y + o{\x\) for x^O 

with i^(xo) the outward unit normal de d{u > 0} in the measure theoretic sense. 

(5) n^~\d{u > 0} \ 9red{n > 0}) = 0. 

Proof. The proof of (1), (2) and (3) follow exactly as that of Theorem 4.5 in jlj. 

Observe that D n d{u > 0} has finite perimeter, thus, the reduce boundary d,.ed{u > 0} is 
defined as well as the measure theoretic normal ^{x) for x € dj.(;d{u > 0} (see (HI)- For the proof 
of (4) see Theorem 5.5 in 

Finally, (5) is a consequence of Theorem 12. II and (3) (see [H]). □ 

Theorem 2.3. Let u G IC be a solution to dPgO and Qu the function in Theorem, \2.Sl Then there 
exists a constant A„ such that 

(2.7) limsup |Vn(x)| = A„, for every G H d{u > 0} 

X — >-XQ 

n(x)>0 

(2.8) qu{xo)=K, H^"^ - a.e xo G Ona{n > 0}. 

Moreover, if B is a ball contained in {u = 0} touching the boundary d{u > 0} at xq. Then 

xiix] 

^^■^^ ^"^^^P distxij) =^- 

u{x)>0 

To prove this theorem, we have to prove first the following lemma, 

Lemma 2.2. Let xq,xi £ d{u > 0} and pk — > 0"*". For i = 0, 1 let Xi^k ~^ with u{xi^k) = 
such that Bp^{xi^k) C and such that the blow-up sequence 

Ui,k{x) = —u{xik + PkX) 
Pk 

has a limit Ui{x) = Aj(x • Vi)~ , with < Aj < oo and Vi a unit vector. Then Aq = A 



1- 



Proof. Assume that Ai < Aq then we will perturb the minimizer u near xq and xi and get 
an admissible function with less energy. To this end, we take a nonnegative function (p 
supported in the unit interval. For k large, define 



^-pU{ ^ Pfc^'^ for X G Sp,(xi,fc), 



X elsewhere, 
which is a diffeomorphism if k is big enough. Now let 

Vk{x) = u{t,;^{x)), 
that are admissible functions. Let us also define 
(2.10) 7?,(2/) = {-iycP{\y\y,. 
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We have 

(2.11) > 0}|) - F^u > 0}|) = o(pf +1). 

To estimate the other term in J',, we make a change of variables and then 
/ -\Vuen dx 

= Pk |Vui,fc|Pdiv(?7i) -p|Vni,fc|P"^(Vui,fc)*Dr?iV'Ui,fc +o{pk)dy. 

^Bi(o)nK,fe>o} L J 

On the other hand, by Lemma IB. II we have 

Bi{0) n {ui^k > 0} ^ Bi{0) n{y -Ui < 0}, as p ^ 0, and 
Vuj^fc Vui = -XifiXiyv.KQ} a.e in Si(0). 

Therefore 

""-^ I {\Vvk\P-\Vuendx^ [ \^{diYirji)-pujDii,u,)dy 

JBp^(xi) J Bi(0)n{yui>0} 



Pk 

Using that 



div(r?i) -pulDriii^i = (-1)^(1 - . = (-1)^(1 - p)div(r?i), 

\y\ 



we obtain 

p^^-i / {\Vvk\P-\Vu,\ndx^{-iy{l-p)X^ [ </>(|y|)d7^^-i(y) 



Hence 



f \Vvk\^dx- [ \Vus\Pdx = 
Jn Jn 



Bi(0)n{yi=0} 



(2.12) 

If we take k large enough we get 

Js{Vk) < Je{u), 

a contradiction. □ 

Proof of Theorem 12.31 Now, the Theorem follows as in steps 2 and 3 of Theorem 5.1 in [TT] . 
using Lemma 5.4 in 0, Theorem I A. II and properties (l)-(8) of Lemma IB. II We sketch the proof 
here for the reader's convenience. 

Let xq G fin d{u > 0} and let 

A = A(xo) := limsup |Vii(2;)|. 

X — >Xq 

u{x)>0 

Then there exists a sequence xq such that 

u{zk)>0, \Vu{zk)\^\. 
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Let Uk be the nearest point to on n d{u > 0} and let dk = \zk — Ukl- Consider the blow up 
sequence with respect to Bd^iyk) with limit uq, such that there exists 

V := hm — , 

fc— »oo Cl/j 

and suppose that v = ejq. Using the results of Appendix El we can proceed as in [Sj p. 13 to 
prove that < A < cxo and 

no(x) = — Axat in {xat < 0}. 

Finally by Lemma IB.ir S) we have that G 5{?io > 0} and then, using Lemma IB.ir G) we 
see that satisfies the hypotheses of Theorem I A. II Therefore ito = in {xat > 0}. Then 
tio = Amax(— X • z^, 0). 

To complete the proof, we follow the lines in step 3 of Theorem 5.1 in This is, we apply 
Lemma 12.21 to this blow up sequence and to a blow up sequence centered at a regular point of 
the free boundary. 

A similar argument proves (|2.9j) . □ 

Summing up, we have the following theorem. 

Theorem 2.4. Let u £ K, be a solution to dP^D . Then u is a weak solution to the following free 
boundary problem 

ApU = in {u > 0} nQ, 

du 

— = A„ ond\u>0}nU, 
ou 

where Xu is the constant in Theorem More precisely, 7{^~^ — a.e. point xq E d{u > 0} 
belongs to dred{u > 0} and 

u{xo + x) = Xu{x ■ i^(xo))~ + o{\x\) for x — > 0. 

Finally, we get an estimate of the gradient of u that will be needed in order to get the regularity 
of the free boundary. 

Theorem 2.5. Let u G JC be a solution to jPel - Given D CC O, there exist constants C = 
C{N,e,D) ro = ro{N,D) > and j = 'y{N,e,D) > such that, if xq € D n d{u > 0} and 
r < rQ, then 

sup \Vu\ < A„(l + CrT). 

Br{xo) 

Proof. The proof follows the lines of the proof of Theorem 7.1 in [3]. □ 

As a corollary we have the following regularity result for the free boundary d{u > 0}. 

Corollary 2.1. Let £ JC be a solution to (^J. Then dred{ue > 0} is a C^'^ surface locally 
in Q and the remainder of the free boundary has Ti^^^ — measure zero. Moreover, if N = 2 then 
the whole free boundary is a C^'l^ surface. 



Proof. See Corollary 9.2. 



□ 
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3. Behavior of the minimizer for small e. 

In this section, since we want to analyze the dependence of the problem with respect to e we 
will again denote by a solution to problem \Pf\ . 

To complete the analysis of the problem, we will now show that if e is small enough, then 

IK >o}| = Q. 

To this end, we need to prove that the constant := is bounded from above and below by 
positive constants independent of e. We perform this task in a series of lemmas. 



Lemma 3.1. Let ^ K, he a solution to (j^J. Then, there exists a constant C > independent 
of e such that 

\ •= < C. 

Proof. The proof is similar to the one in [2], Theorem 3. 

First we will prove that there exist C, c > 0, independent of e, such that 

c < \{ue > 0}| <Ce + a. 

In fact, as in Theorem l2.1l we have that F^[\{ui, > 0}|) < C thus obtaining the bound from above. 
On the other hand, taking q < p, using the Sobolev trace Theorem, the Holder inequality and 
the fact that ||u£||^yi,p(Q) < C (see Theorem 12. Ij) we have 

Jan ^ ' 

and thus we obtain the bound from below. 

Take D CC smooth, such that 6 = \D\ > a and |r2 \ D| < c then, 

\Dr\{ue > 0}| < Q + Ce < 6* 

for e small enough. On the other hand 

\D n {ue > 0}j > \{u^ >Qi}\-\^\D\>c-\VL\D\>{), 

Therefore by the relative isoperimetric inequality we have 

iV-l 

W^~^(Z)n5{Me > 0}) > cmin||L>n K > o}|, |L» n K = 0}|} >c>0. 

Now let w be the p— harmonic function in O with boundary data equal to ipQ. Using Theorem 
12.21 and Theorem 12.31 we have. 



C> f \VUe\P-'^VUeV{Ue-w)dx= [ w\edH^'^> [ wXedH^'^ 



> Xe{mf w)n'^^'{D n d{ue > 0}) > cXe. 
Now the result follows. □ 
Lemma 3.2. Let G IC be a solution to jPel , Br CC and v a solution to 

ApV = in Br, V = Ue on dBr- 
then ^ 

J \V{Ue-v)\Ux>C\Brn{Ue = 0}\(^^(J u] dx^ 
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for all q > 1 and for any 7 < ^jfZp^ ^fp < -/V, 7 < 00 ifp > N , and C is a constant independent 
of e. 

Proof. The idea of the proof is similar to Lemma 3.2 in [1]. We include the details since there 
are differences due to the fact that we are dealing with the p-laplacian instead of the laplacian. 

First let us assume that Br = Bi{0). For \z\ < ^ we consider the change of variables 
from Bi into itself such that z becomes the new origin. We call Uzix) = — \x\)z + x), 
Vz{x) = — \x\)z + x) and define 

= inf |r / — < r < 1 and Uz{rS,) = o|, 

if this set is nonempty. Observe that this change of variables leaves the boundary fixed. 
Now, for almost every ^ € dBi we have 

(3.1) v^{r^^)= j^^ ±{u,-v,){rOdr<{l-r^fl'i' (^j' \Viu, - v,){r^)\Ur^ . 

Let us assume that the following inequality holds 

(3.2) v,{r^C) > CiN, n){l - rg) (J ^ dx^ 

Then, using (|3.1|1 and (|3.2)) . integrating first over dB\ and then over \z\ < 1/2 we obtain as 
in i, 

, g/7 

u"' dx 



[ \V{u-v)\'idx>C\Bin{u = 0}\(J^ 

Jbi \J Bi 

If we take Ur{x) = j.u{xo + rx) (where xq is the center of the ball Br) then 



\V{ur-VrWdx = r-^ \V{u-v)\'^ dy, 

Bl J Br 

5i n = 0}| = r~^|B, n {u = 0}| and 
I / r \ 1/7 



vZ dx] = - T u'dy 

Bl / r \J Br 

so we have the desired result. 

Therefore we only have to prove (|3.2() . If |(1 — r^)2: + rg^| < |, by Harnack inequality, 

v,{r^i) > Cnv{Q). 

By Theorem 1.2 in we have 

/ /■ \ 1/7 / /■ \ 1/7 

(3.3) i;(0)>a(iV,O) f v^' dx] >a{N,n)(f u'dx 



Bi / \J B 



If 1(1 — rg)2; + r^S^l > | we prove by a comparison argument that inequality (|3.2|) also holds. 
In fact, again by Theorem 1.2 in |13j . 



1/7 

V > C^a ( dx ] in i?3/4. 



B 
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Let 'w{x) = e — e . There exists A = A(A^, a) such that 

ApW > in Bi \ -B3/4, 
w < C^a on 9i?3/4, 
w = on dBi, 



so that, 

V >w 

Therefore 



v? dx^ ''^ > C{1 - \x\) (J dx^ in Bx \ B^/^. 



■56 > C(l - 1(1 - rg)z + r^^l) [J n't dx^ > C{1 - r^) (J dx^ 

since \z\ < \. So that ()3.2p holds for every > |. 

This completes the proof. □ 

Lemma 3.3. Let € K. be a solution to {Pe), then 

Xe>C>0, 

where c is independent of e 

Proof. We proceed as in Lemma 6 in |2j . We will use the following fact that we prove in Lemma 
13.41 bellow: For every e > there is a neighborhood of A in $7 where > 0. 

Let yo A and let Dt with < t < 1 be a family of open sets with smooth boundary and 
uniformly (in e and t) bounded curvatures such that Dq is an exterior tangent ball at i/q, Di 
contains a free boundary point, Dq CC Dt for t > and Dt fl 90 C A. 

Let t € (0, 1] be the first time such that Dt touches the free boundary and let xq € dDtCidlu^ > 
0} n fi. Now, take w such that ApW = in Dt\ Dq with w = cq on ODq and w = on dDt. 
Thus w < in Dt n il. and d^uw{xo) > ccq with c > independent of e. Therefore, for r small 
enough, 

1/7 / „ \ 1/7 

(3.4) 



f y/7 / y/7 

+ uj dx \ ^ T w"' dx \ > rccQ, 

{J Br(xo) J \J Br{xo) J 



with c is independent of e. 
If vq is the solution to 



then, by Lemma 13.21 we have 



ApVQ = in i?j.(xo) 
vq = Ue on dBr{xo), 



j \V{ue - VQ)\Pdx > C\Br n {ue = 0}| u] dx^ , for p > 2 

^ \V{Ue-Vo)\^dx>C\Brn{Ue = 0}\ (^^ 



u] dx ] ) , for 1 < p < 2. 

Br 
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Then using H2.4|) we obtain, 

(3.5) J {\Vue\P - \Vvo\P) dx > C\Br n {ue = 0}\ (^^ (J^ u2dx^^^^ 
for p > 2. 

By Theorem 12.31 and Lemma l3.ll we have that, near xq, |Vne| is bounded from above by a 
constant independent of e. Then by (|2.5|) we obtain that (|3.5|) also holds for 1 < p < 2 if r is 
small enough (depending on e). Then by (|3.4|) 

(3.6) / {\Vue\P - \Vvo\P) dx > c6r 

J Br(xo) 

where 5r = \Br{xo) fl {u^ = 0}| and c is a constant independent of e. 

Consider now a free boundary point xi away from xq. We can choose xi to be regular. 
Let us take 



Tp{x) = < 



X - p^(f> ( ^ ) i^u.ixi) for X G Sp(xi), 



X elsewhere, 
where (p e C^(-l, 1) with (p'iO) = 0. 
Now choose p such that 



5r = p' ^n^^]dn''-\ 



Bp(xi)nd{u,>0} V P 



Take Vp{Tp{x)) = lie(x) and 







in Br{xQ) 




Vp 


in Bp{xi) 




Ue 


elsewhere. 



Thus, we have that 

(3.7) |^>0}| = |K>0}|. 

On the other hand as in Lemma 12.21 we have 

/ (iVvpl^ - dy= [ \Vvp\P dy- [ \Vu\p dx 

JBp{xi) JTp{Bp(xi))n{vp>0} JBpixi) 

= / p{\Vue\''d\Yri - p\VUe\P~'^VUeD'qVUe) + o{p) dx 

J Bp{xi)n{u>Ci} 

where r][y) = —(f){\y\)v{xi). Using the fact that -q is bounded from above by a constant k 
independent of p and e, and that |Vue| = + 0{p'^) in Bp{xi) we have 

[ {\Vvp\P - \Vue\n dy < A:A?p^+i + o(p)p^ 

JBpixi) 

but, 6r has the same order of p^"'"^ then 
(3.8) 



/ i\Vvp\P - \Vus\P) dy < kXPJr + o(5^). 

JBp(xi) 
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Therefore by (jSH), (jSiHl) and ^l^i we have 



< Je{v) - Je{Ue) < -c6r + kX^Sr + o{5r) 



and then Ag > c > 0. 



□ 



Now we prove the positivity result that was used in the previous Lemma. 

Lemma 3.4. For every e > there exists a neighborhood of A in such that Us > in this 
neighborhood. 

Proof. Let uq € A and let Bs{zo) be an exterior tangent ball to 90 at yo such that QdB = {yo}- 
Let us take 5 small enough so that B2s{zo) D d^l CC A. Let Wg be a minimizer of 



in {w e W^^P{n) ,w = Oon 9^25(20), = cq on dBs{zo)}. Here 7^ = ^25(^0) \ Bs{zo). 

Every minimizer of 1)3. 9(1 is radially symmetric and radially decreasing with respect to zq. This 
is seen by using Schwartz symmetrization after extending Ws to Bs{zo) as the constant function 
Co (see CO]). This symmetrization preserves the distribution function and strictly decreases the 
LP norm of the gradient unless the function is already radially symmetric and radially decreasing. 
Moreover, these minimizers are ordered and their supports are nested. Let us take as the 
smallest minimizer. 

By the properties of Ws there holds that is strictly positive in a ring around Bs{zq). Also 
We is continuous in TZ. Recall that is continuous in fi. Let us see that Us > Ws m TZ D il.. 
This will prove the statement. 

Assume instead that {ws > fig} 7^ 0. 

Let us first consider the function v = mm{us, We} in 71 nil. Since > cq > We on d^l R TZ 
and Ue > = We on Q f] dTZ there holds that v = w^ on diJZ n Q). Therefore, the function 
'II = V \n Tl r\ VL, v_ = We in TZ\Vt \s ax). admissible function for the minimization problem (|3.9j) . 
Since We is the smallest minimizer and, by assumption v < We and v ^ We, there holds that 
Jein) > JeiuJe). Since v = WeinTZ\il. and in 7^ n fl {we < Ue} and equal to Ue outside those 
sets there holds that (with V = TZ H ^} (1 {we > Ue}), 



(3.9) 




(3.10) 



VUe\P dx + -\{Ue > 0}nPl > 



i 



VWe\^ dx + -\{We >0}nV 



Let now v 



niax{ue,We} in TZ n Q, V = Ue in Q \ TZ. This function is admissible for (^J so 



that 




Since v 



We in D and v = Ue in Q\T>, 



(3.11) 




VWel'' dx + Fe{\{Ue> 0}| + |K > 0} R P| - |K > 0} R V\) 
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By (nmH) and KW\ (with = \{we > 0} n P| and C„ = \{ue > 0} n V\) we have, 

/ \Vus\Pdx> [ \Vwe\Pdx + -{C^-Cu) 
Jv Jv ^ 

> [ \Vue\Pdx + F,{\{u,>0}\)-F,{\{ue>0}\+C^-Cu) + -{C^-Cu). 
Jv £ 



Thus, 



> 0}| +C^- Cu) - F,{\{ue > 0}) > ^{C^ - Cu) 



which is a contradiction since Fe{A) -Fe{B) <1{A-B)\i A>B and > C„ by assumption. 
Therefore, > in 7^ n and the lemma is proved. □ 

With these uniform bounds on A^, we can prove the desired result. 

Theorem 3.1. There exists > such that if & fC is a solution to dP^D and e < Eq there 
holds that \{us > 0}| = a. Therefore, is a minimizer of J in ICa- 

Proof. Arguing by contradiction, assume first that \{ue > 0}| > a. Let xi G d{ue > 0} H be 
a regular point. We will proceed as in the proof of Lemma 13.31 Given 5 > 0, we perturb the 
domain {u^ > 0} in a neighborhood of xi, decreasing its measure by 5. We choose 6 small so 
that the measure of the perturbed set is still larger than a. Take Vp{Tp{x)) = Ue{x), and let 

jvp in Bp{xi) 
I Us elsewhere, 

where Tp is the function that we have considered in the previous lemma. 
We have 

< Je{v) - Je{us) = I \Vv\Pdx- [ | V^x, |P + ( | > 0} j ) - ( | K > 0} [ ) 
Jn Jn 

< kXP6 + Oe(6) --6< (kCP - - ) <5 + 0^(6) < 0, 



e \ e ^ 

\i e < and then 5 < (5o(e). A contradiction. 

Now assume that \{ue > 0}| < a. This case, is a little bit different from the other. First, 
we proceed as in the previous case but this time we perturb in a neighborhood of xi the set 
{ue > 0} increasing its measure by 5. That is, take 



elsewhere, 

where (j) € supported in the unit interval, take Vp{Tp[x)) = Us{x) and 

jvp in Bp{xi) 
I Us elsewhere. 

For p small enough we have |{?; > 0}| < a and 

|{t;>0}|-|K>0}| = Cp^+i + o(p^+i), 
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therefore 

(3.12) FMv > 0}|) - F,(|K > 0}|) < Cep^+^ + Oe(p^+'). 

In order to estimate the other term, we will make use of a blow up argument as in Lemma 
12.21 In fact, we take Up{y) = ^u{xi + py) and we change variables to obtain, 

p-"" [ {\Vvp\P-\Vu,ndx 

JBp(xi) 

= [ p[| Vnp|Pdiv(r/) - p\Vup\P-\VupyD7]Vup] + o{p) dy 

JBi{o)n{Mp>o} 

where i]{y) = (l){\y\)v{xi). Now, as in Lemma IZ2l we get, 

p-^-i / {\Vvp\^-\Vu,\ndx^{l-p)\l [ cPi\y\)dn''~Hy). 

JBp{xi) J Bi{0)n{yu=0} 

Therefore 

(3.13) / {\Vvp\P -\Vue\P)dx = Cp^+\l-p)XP + o{p^+^). 

JBpixi) 

Finally, combining (|3.12() and (|3.13|) we have 

< Je{v) - Je{Ue) = I \Vv\Pdx- [ dx + F,{\{v > 0}\) - Fe{\{u, > 0}\) 

< C{1 - p)XP6 + Os{d) + Ceb < Ci-cP + e)6 + 0^(6) < 0, 
ii e < El and then 6 < 5o (e) . Again a contradiction that ends the proof. □ 

As a corollary, we have the desired result for our problem 

Corollary 3.1. For e small any minimizer u of J' in ICa is a locally Lipschitz continuous 
function and dred{'u > 0} is a C^"^ surface locally in O, and the remainder of the free boundary 
has TC'^~^ — measure zero. In particular, this is the case for p > 2. 

Proof. If u is minimizer of J in ICa , by Theorem 13.11 we have that for small e there exists a 
solution Ue to (Pe) such that \{u£ > 0}| = a, then is a solution to (Pe), therefore the result 
follows. □ 



Appendix A. A result on p-harmonic functions with linear growth 

In this section we will prove some properties of p-subharmonic functions. From now on, we 
note = Br{0) n {xn > 0}. 

Theorem A.l. Let u be a Lipschitz function in such that 

(1) u>0 in R^, ApU = in {u > 0}. 

(2) {xN < 0} C {it > 0}, « = m {xN = 0}. 

(3) There exists < Aq < 1 such that > Aq, Vi? > 0. 
Then u = in {x^ > 0}. 
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In order to prove this theorem we follow ideas from To this end, we need to prove a 

couple of lemmas. 

Lemma A.l. Let u be a p— subharmonic function in such that, < u < olxn in , 
u < 5oax]\f on dB^ n Brg{x) with x € dB:^, xn > and < 6o < 1. 

Then there exists < 7 < 1 and < e < 1, depending only on r and N, such that u{x) < 
^axN in Bf. 

Proof. By homogeneity of the p— laplacian we can suppose that r = 1. 

Let ijj he a. p-harmonic function in B^ , with smooth boundary data, such that 

'' ip = xn on dBf \ Bra{x) 

SqXn ^ ip ^ xn on dBf fi Brg{x) 
^ip = 6qXn on dB'l n B,.^i2{x). 

Therefore, by comparison u < aip in B^ . Let us see that there exist < 7 < 1 and e > 0, 
independent of a, such that ^ < 7x7V in B^. 

First, tp € C^'^(-BJ^) for some P > 0. Then, (cf. jHl) ip is a viscosity solution of 

N 

If > /X > in some open set U, we have that is a solution of the linear uniformly elliptic 
equation 

N 

(A.l) ^ aijipxiXj =0 inU, 

where 

N 

min{l,p - 1}|V^|2|^|2 < J2^iMj < max{l,p - . 

Therefore, V S C'^''^{U) and is a classic solution of ()A.1|) . 
Let w = xn — ip then w € C^'^(i?^) and is a solution of 

N 

Cw= 'Y aijWx^x, = 

in any open set U where \V^p\ > /U > 0. 

On the other hand, as ip < X]\f in dB^ and both functions are solutions of the j5— laplacian 
we have, by comparison, that ip ^ x^ in Bf. Therefore w > in Bf. 

Moreover, we have > in B^ . In fact, suppose that there exists xq such that ip{xo) = xq^at. 
As ip < xn, we have that V'p{xo) = ejsf. Then |V'(/'(2;o)| = 1 and by continuity, iVip] > | > 
in a neighborhood U of xq. Therefore w > 0, w^xq) = and Cw = in [/ with £. uniformly 
elliptic in U. Then by the strong maximum principle, w = in U. 

So, we have that the set 

A = {x £ Bf / ip{x) = xn}-, 
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is a relative open and close subset of . Then if there exists xq such that V'(^o) = xq^n, we 
have that ip = xj\[. Since this is not the case in some part of dBf , we arrive at a contradiction. 
Therefore ip < X]\f, and this implies that w > 0. 

On the other hand, since ip < and tp = on n {xf<[ = 0}, we have that Vxjv < 1 on 
B^ n {xn = 0}. Let us see that ipx^ < 1 in B^ n {xn = 0}. 

Assume that there exists xq G B^ n {x^ = 0} such that ipxj^{xo) = 1 (so that Wxj^{xq) = 0). 
Then, > 1/2 in a neighborhood of xq. But w; is a positive solution of Cw = in Bfr\Brg{xQ) 
for some ro > 0, with C uniformly elliptic and it; = on {x^ = 0}. Thus, by Hopf's Lemma, 
Wxj^ixo) > 0, a contradiction. 

Therefore ipxj^ < 1 in Bf n {xn = 0}. This implies that there exists < 7 < 1 and e > 
such that ipxN < 7 in B^. From this, ip < ^xi\f in B^ , and then we have u < ^axN in Bf, 
where e and 7 only depend on ip. □ 

Lemma A. 2. Let w he a function that satisfies, 

(1) w is a Lipschitz function in with constant L. 

(2) u; > in M^, ApW = in {w > 0}. 

(3) {xN < 0} C {«; > 0}, -u; = in {xn = 0}. 

(4) There exists < Aq < 1 such that ^^\o)f ^^^'^^ ^ 

(5) There exists < a < L such that w{x) < ax^ in 5i(0) H {xn > 0}. 

Then there exists < 7 < 1 and < e < 1 depending only on Aq and N , such that w{x) < 'jax^ 
in Bs{0) n {xN > 0}. 



Proof. Let /3 = ^V-i < li then by (3) and (4) there exists xq G -Bi(O), with xo,7v > P such 

f^, we have wix) < ^ 



that w{xq) = 0. By (1), w{x) < L\x — xo\, then if we take ro = fr, we have w{x) < ^ for 



|x — xol < tq. As q/L < 1, in that set there holds that xat > Then we have that 

w{x) < in 95+ n Broixo), 

where r = |xo| > (3. Taking in Lemma |A.1I t^n = 1/3 and x = xq we have that there exists 
< 7 < 1 and < e < 1, depending on r and A^, such that w{x) < jax^ in B^ . 

As r > /3 what we obtain is that 7 and e only depend on Aq- Therefore the result follows. □ 

Now we are ready to proceed with the proof of the theorem. 

Proof of Theorem lA.lL Once we have proved Lemma IA.2I we consider the same iteration as 
in Theorem A.l, step 2 in and the result follows. □ 

As a remark we mention that with Lemma lA. II we can also prove the asymptotic development 
of p— harmonic functions, that is 

Lemma A. 3. Let u be Lipschitz continuous in Bf, u > in Bf, p— harmonic in {u > 0} and 
vanishing on dB^ n {xtv = 0}. Then, in Bf, u has the asymptotic development 

u{x) = axN + o(|x|), 

with a > 0. 
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Proof. Let 

aj = inf{/ / u < Ixn in B^_j}. 

Let Q = linij^oo Oj- 

Given eo > there exists jo such that for j > jo we have aj < a + Eq. From here, we have 

u{x) < (q + eQ)xN in B^_^. so that 

u{x) < axj\r + o{\x\) in B^^. 

If a = the result follows. Assume that a > and let us suppose that u{x) ^ ax^ + o(|2;|). 
Then there exists Xk ^ and 6 > such that 

ti(xfc) < axk^N - ^\xk\- 

Let rfc = and Uk{x) = r'^^u{ri^x). Then, there exists uq such that, for a subsequence that 
we still call u^, Uf^ uq uniformly in Bf^ and 

Uk{x) < (a + £o)xn in Bf, 
where Xk = and we can assume that Xk ^ xq. 

In fact, u{x) < {a-ireo)xN in B^_j^, therefore Uk{x) < {a + eo)xj^ in -B^^^-jy) ^^'^ if ^ is big 
enough / 2"-"' > 1. 

If we take a = a + Eq we have 

'ApUk>0 inB^ 

Uk = on {xat = 0} 

< Ufc < axAT on SSjf'' 

lifc < (5oQ!2;Ar on SSj'' n Bf{x), 

for some x G dBf , xat > and some small f > 0. 

In fact, as Uk are continuous with uniform modulus of continuity, we have 

Uk{xo) < axo^N - 2' if ^ > ^• 

Moreover there exists ro > such that Uk{x) < ax at — | in i?2ro(3;o)- If ^o.A^ > we take x = xq, 
if not, we take x E i?2ro(a;o) with xjy > and 

Uk{x) < axN — -, in Brg{x) CC {x^r > 0}. 

As Brgix) CC {xtv > 0} there exists 5q such that ax^ — j ^ 5oaxN < doax^ in Bf{x) for some 
small f, and the claim follows. 

Now, by Lemma lA.ll there exists 0<7<1, e>0 independent of eo and k, such that 
Ukix) < 7(a + Eo)xn in Bf. As 7 and e are independent of k and taking eo — > 0, we have 

'Ufc(x) < 7axAr in Bf. 

So that, 

u{x) < 7ax7v in -B^g- 
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Now if j is big enough we have ja < aj and 2"-' < ri^e. But this contradicts the definition of 
aj. Therefore, 

u{x) = axN + o{\x\), 

as we wanted to prove. □ 

Appendix B. Blow-up limits 

Now we give the definition of blow-up sequence, and we collect some properties of the limits 
of these blow-up sequences for certain classes of functions that are used throughout the paper. 

Let u be a function with the following properties, 

(Bl) u is Lipschitz in with constant L > 0, u > in $7 and ApU = in Qf] {u > 0}. 
(B2) Given < k < 1, there exist two positive constants and such that for every ball 
Br^xo) C and < r < r^, 

iff Y^' 

— + u' dx \ < Ck implies that u = in i?Kr(a^o)- 

r \J Brixo) J 

(B3) There exist constants rg > and < Ai < A2 < 1 such that, for every ball Br{xo) C 0, 
xq on d{u > 0} and < r < tq 

^ |^,(xo) n{u> o}| ^ 

~ \Br{xo)\ ~ 

Definition B.l. Let Bp^{xk) C ^ be a sequence of balls with — > 0, — s- j;o ^ ^ o.^'d 
u{xk) = 0. Let 

Uk{x) := —u{xk + Pkx). 
Pk 

We call Uk a blow-up sequence with respect to Bp^{xk). 

Since u is locally Lipschitz continuous, there exists a blow-up limit uq : — > M such that 
for a subsequence, 

Uk — > ^^0 in C'ioc(^^) fo'^ every < a < 1, 
Vufc^Vno * -weakly in L;^^(M^), 



and uo is Lipschitz in M with constant L. 

Lemma B.l. If u satisfies properties (Bl), (B2) and (B3) then, 

(1) uq >0 in Q and ApUQ = in {uq > 0} 

(2) d{uk > 0} ^ d{uo > 0} locally in Hausdorff distance, 

(3) X{„fc>o} ^ X{mo>o} in Llc(M^)' 

(4) If K CC {no = 0}, then Uk = in K for big enough k, 

(5) If K CC {uq > 0} U {uq = 0}°, then Vuk — > Vuq uniformly in K, 
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(6) There exists a constant < A < 1 such that, 

\BR{yo) n {uo = 0}\ vvD^nw ^ af ^ n\ 
> A, Vi? > 0, Vyo G d{uo > 0} 

(7) Vufc Vuo a.e in Q, 

(8) Ifxk G d{u > 0}, i/ien G a{uo > 0} 

Proof. As Ufc are p-harmonic and Uk uq uniformly in compacts subsets of then (1) holds. 
For the proof of (2)-(8) see [11]. □ 
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